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CHERN CLASSES FOR SINGULAR HYPERSURFACES

PAOLO ALUFFI

ABSTRACT. We prove a formula expressing the Chern-Schwartz-MacPherson
class of a hypersurface in a nonsingular variety as a variation on another def-
inition of the homology Chern class of singular varieties, introduced by W.
Fulton; and we discuss the relation between these classes and others, such as
Mather’s Chern class and the p-class we introduced in previous work.

0. INTRODUCTION

There are several candidates for a notion of homology ‘Chern class’ of a (possibly
singular) algebraic variety X, agreeing with the class obtained as dual of the total
Chern class of the tangent bundle of X if X is nonsingular. One such notion was
introduced by R. MacPherson [MacPherson|, agreeing (as it was later understood)
with a class introduced earlier by M.—H. Schwartz, and enjoying good functorial
properties. A different class was defined by W. Fulton ([Fulton], 4.2.6), in a different
and somewhat more general setting. The main purpose of this paper is to prove
a precise relation between the Schwartz-MacPherson and the Fulton class of a
hypersurface X of a nonsingular variety. We denote these two classes by csm(X),
cr(X) respectively.

A summary of the context and essential definitions is given in §1, where we
present several different statements of the result. The version which expresses most
directly the link between the two classes mentioned above goes as follows. Fulton’s
class for a subscheme X of a nonsingular variety M is defined by

cr(X):i=ce(TM|x) N s(X, M),
that is, by capping the total Chern class of the ambient space against the Segre class
of the subscheme (it is proved in [Fulton], 4.2.6 that this definition does not depend
on the choice of the ambient variety M). For a hypersurface X of a nonsingular
variety M, let Y be the ‘singular subscheme’ of X (locally defined by the partial
derivatives of an equation of X). For an integer k > 0 we can consider the k-th
thickening X(®) of X along Y, and then consider its Fulton class cp(X®)). Tt is
easily seen that ¢y (X(¥)) is a polynomial in k (with coefficients in the Chow group
A«(X)), so it can be formally evaluated at negative k’s. We can then define a class

(%) e (X) = er(XD),

The main result of this paper is

Theorem. c.(X) is equal to the Chern-Schwartz-MacPherson class of X.
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This result is quite distant in spirit from both Schwartz’s original definition
of egm(X), which depends on a suitable stratification of X, and MacPherson’s
definition, which involves adding Chern-Mather classes of subvarieties of X weighted
according to their own singularity, as measured by ‘local Euler obstructions’. The
formula seems at first equally distant from the good functoriality properties which
make cg)y effectively computable: as pointed out in [Fulton], p. 377, functoriality
properties of cp are somewhat elusive. However, our proof will precisely consist of
showing that the ‘twisted’ cp does enjoy enough of these functoriality properties to
force it to equal cgn.

We do not know whether our result is an essential feature of hypersurfaces, or
whether a formula similar to (*) may compute the Schwartz-MacPherson class of
arbitrary varieties. While this is a natural question, the approach of this paper
does not seem well suited to address it. One reason for presenting several differ-
ent formulations of the result is indeed that we do not see at the moment which
formulation is more suited to be generalized to arbitrary varieties.

These statements are given in §1, Theorem 1.1-5, where we offer several alterna-
tive formulations for the class c.(X). More specifically:

e An explicit form in terms of Segre classes is given in §1.1.

e In §1.2 we give the form presented above. This was conjectured in [Aluffi2],
where we put restrictions on the line bundle £ = O(X) of X and we could only prove
the conjectured equality ‘numerically’, that is, after taking degrees with respect to
L. The result proved in this note holds in the Chow group of X, and without
hypotheses on O(X).

e In §1.3 we discuss a form which attempts to put under the same umbrella the
Schwartz-MacPherson class together with the Fulton and Chern-Mather classes, by
expressing all in terms of natural classes on the blow-up of the ambient variety
along the singular subscheme of X.

e In §1.4 we introduce notations which we use elsewhere and in the proof of the
main theorem, and give a formulation of the statement in term of these notations;

e Finally, in §1.5 we express ¢.(X) as an explicit formula in terms of u-class we
introduced in [Aluffil]. In this form, and using the notations introduced in §1.4,
the result is

csm(X) = cp(X) + (L) N (e (Y)Y @u L),

and therefore it interprets the p-class essentially as the difference between cp(X)
and cgy(X). In fact this is the form in which we first produced the result; the key
technical step in proving the main result of this paper can be written as a formula
describing the behavior of the p-class under blow-ups (see §4.2).

The equivalence of the different formulations is straightforward and is proved
along the way in §1. The proof of the main result is in §§2 and 3. We show
that a class satisfying the functorial properties prescribed by Grothendieck and
Deligne (which motivated MacPherson’s work) must necessarily agree with ¢, (X);
the Schwartz-MacPherson class cgy(X) is such a class. Our proof uses resolution
of singularities, reducing the statement to a computation for a divisor with nor-
mal crossing (§2), and to studying the behavior of the class under blow-ups along
nonsingular centers (§3). This ultimately involves a rather detailed analysis of an
adaptation of MacPherson’s graph construction applied to our situation: the re-
quired equality is expressed in terms of the vanishing of the contribution of a ‘cycle
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at infinity’ obtained in the construction, and this contribution can be evaluated
explicitly.

While this proof is elementary, and tailored for our set-up (Chow groups of
algebraic varieties over a field of characteristic 0), it is admittedly rather long
and involved for what it aims to show. We sketch a much shorter argument in
§1.6, which hinges on the index formula of [BDK]. This reduces the proof to the
computation of a characteristic cycle (see the Fact in §1.6), which we leave to the
expert reader. This alternative argument relies on a more powerful framework than
the longer proof given in §§2 and 3, and in a sense clarifies ‘why’ the main theorem
is true. We suspect that a suitable generalization of the result to arbitrary singular
varieties will necessarily have to employ this more powerful technology.

I am very grateful to the referee of a previous version of this work for detailed
suggestions leading to the present §1.6.

84 collects a few consequences of the main theorem. For example, in its raw
form (presented in §1.1), the result writes csm(X) as a certain combination of
Segre classes of the singular subscheme of X in the ambient variety M. The good
functoriality properties of cgm(X) then translate into properties of these Segre
classes, which often we are not able to prove more directly. We give one (rather
technical) example of these phenomena in §4.3.

Properties of Segre classes frequently have concrete geometric applications. Here
is a simple example of such an application, which can be proved easily as a conse-
quence of the main theorem (see §4.4 for details):

Proposition. Let M;, My be two hypersurfaces in PV, and assume the contact
scheme of My and My is nonsingular (as a scheme) and positive-dimensional. Then
deg M, = deg M>.

Here the ‘contact scheme’ is the singularity subscheme of M; N M (in the above
sense), a scheme supported on the locus where M7 and M are tangent. This corol-
lary thus states that if two hypersurfaces of projective space are tangent—in the
strong ‘schemey’ sense specified above—along a nonsingular positive-dimensional
locus, then their degree must be equal: to our knowledge, this observation is new
(although not difficult to prove otherwise: Robert Varley kindly showed us an al-
ternative argument).

The paper is organized so that a hasty reader who is willing to trust us on the
main technical step of the elementary proof can skip §3 at first: the notations
introduced in §3 are not used elsewhere. In fact, an even more trusting reader
could skip all but the beginning of §2. The experts will probably be content with
the sketch of the alternative proof given in §1.6, and will want to stop there.

Notations are gravely abused in this paper (pull-backs are usually omitted, etc.).
The worst abuse occurs when we ask the reader to interpret a class defined a priori
on an ambient variety M, but supported on a subvariety X, as a class defined on
X: this will mean that there is only one reasonable way to interpret the class as a
push-forward of a class from A, X, and that the given formula is a short-hand for
the latter class. This saves us a great amount of notational grief, especially in §3;
the reader who feels uncomfortable about this choice will only believe our result
after push-forward to the ambient variety M.

I thank Barbara Fantechi, William Fulton, Roberto Silvotti, and Tatsuo Suwa
for useful comments.
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1. STATEMENTS OF THE RESULT

1.1. Chern-Schwartz-MacPherson class and Segre classes. A constructible
function on an algebraic variety X is an integral linear combination of characteristic
functions of closed subvarieties. Over the complex numbers one can define a functor
assigning to X the group of constructible functions on X; for any proper morphism
f: X =Y, the push-forward f, is defined by setting

L)) =x(f"Hp)NV)

for V' a subvariety of X and p € Y, and extending by linearity; here x denotes topo-
logical Euler characteristic. Grothendieck and Deligne conjectured, and MacPher-
son proved ([MacPherson]), that there exists a natural transformation from this
functor to homology, which, for X nonsingular, sends the constant 1x to the total
homology Chern class of X

o(TX) N [X].

It is then natural to consider the image of 1x for arbitrary X; we call this class
the (Chern-)Schwartz-MacPherson class of X, denoted cgy(X), as the class was
later shown to agree with a class previously defined by M.—H. Schwartz ([Schwartz,
B-S]). After work of C. Sabbah and G. Kennedy ([Kennedy]), this definition can
be extended to varieties over arbitrary fields of characteristic 0; and cgp(X) lives
in the Chow group A, X of cycles modulo rational equivalence. Also, for possibly
nonreduced X, we define cgp(X) = csm(Xred)-

The main theorem in this paper will give explicit formulas for cgp(X), in the
case where X is a hypersurface of an n-dimensional nonsingular variety M, that is,
the zero-scheme of a nonzero section F' of a line bundle £ on M. We give the result
in its raw form in terms of Segre classes here in §1.1; however, the result is more
significant if the formula is rewritten to emphasize its relation with other definitions
of characteristic classes for singular hypersurfaces. This is done in the rest of §1.
In §1.4 we will also introduce a notation which makes some of the formulas easier
to handle. A quick sketch of an argument proving the main theorem is presented
in §1.6; a complete and elementary (but longer) proof is given in §§2 and 3.

Assume cg) satisfies the above functoriality condition, and assume resolution of
singularities & la Hironaka holds (for example, cgy can be the Schwartz-MacPherson
class, in characteristic zero). By the singularity (sub)scheme of a hypersurface
X C M as above we mean the subscheme of M defined locally by F' and its first
partial derivatives—that is, by the jacobian ideal of X. (Note: the definition of
singularity scheme of X given in [Aluffil], §1.1, fails to include F' among the local
generators of its ideal. The definition given here is the ‘correct’ one; all the results
in [Aluffil] hold for this notion.) The singular scheme of X depends on X only, and
not on a specific realization of X as a hypersurface of a nonsingular variety.

For Y C X, we define a class s(X \ Y, M) € A, X by setting its dimension-m
component to be

n—m

S(X\Y, M)m = s(X, M)m + (=1)"7" Z < J )Xj (Y, M)mj
=0
(here and in the following, s(Y, M) denotes the Segre class of Y in M in the sense

of [Fulton], Chapter 4).
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Theorem 1.1. Let X be a hypersurface in a nonsingular variety M, and let Y be
its singular scheme. Then csp(X) = c.(X), where

(X)) =e(TM)Ns(X\Y, M).

The reader will notice a similarity among the class s(X \ Y, M) defined above
and formulas for residual intersections (cf. [Fulton], §9.2). Of course this is not
accidental. The connection will be clarified in the next subsection.

1.2. Chern-Schwartz-MacPherson class and Fulton’s Chern class. Let X
be a scheme embeddable in a nonsingular variety M. Fulton shows ([Fulton], 4.2.6)
that the class

o(TM) N s(X, M)

only depends on X (and not on the choice of the ambient variety M). We will call
this class Fulton’s Chern class of X, denoted cp(X).

Now let X again denote a divisor in a nonsingular variety M of dimension n, £
its line bundle, and Y its singular subscheme. Fix an integer £ > 0 and consider
the scheme X (%) obtained by ‘thickening X k times along Y’: more precisely, if Zy
denotes the ideal of Y and J is the locally principal ideal of X, then X ) is the
subscheme of M defined by the ideal 7 - I{“/. We may then consider the class

cF(X(”“))

in A, X. We observed in [Aluffi2] that this class is a polynomial in k with coefficients
in A, X, so it can be formally evaluated for arbitrary k. It is also clear from the
definition that

cr(X) = ep(XO).
The main theorem of this note can then be stated as:

Theorem 1.2. Let X be a hypersurface in a nonsingular variety M, and let
cr(X®) be defined as above. Then csy(X) = c.(X), where

(X)) = ep(XY),

To see that this statement is equivalent to the one given in §1.1 amounts to ap-
plying standard residual intersection formulas to compute s(X k) M ): by Proposi-

tion 9.2 in [Fulton], the m-dimensional component of this class is
S(XE, M)y = 5(X, M)+ 3 (" -
J

)(—X )7 KT S(Y, M)
§=0

That is, s(X (=1, M) is the class s(X \ Y, M) introduced above, and it follows that
the two expressions for ¢,(X) in the two statements of the theorem agree.

1.3. Chern-Schwartz-MacPherson class and Mather’s Chern class. An-
other notion of Chern classes for possibly singular varieties can be defined as fol-
lows. For a reduced pure-dimensional X embedded in a nonsingular M, let X°
denote the nonsingular part of X. The Nash blow-up NB of X is the closure in
Grassgim x (TM|x) of the image of the map associating with every p € X° the
tangent space to X° at p; it comes equipped with a natural map 7 to X. The
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universal subbundle 7 of Grassgim x (I'M|x) restricts to TX° over X° C NB(X),
so it is rather natural to consider the class

7 (c(T) N [X]).

Again, one proves this is independent of the choice of M this class is called Mather’s
Chern class of X, and we will denote it ¢p;(X). MacPherson computes cgp(X) as
a suitable combination of Mather’s Chern classes of subvarieties of X.

The definition of ¢y (X) can be rewritten in a slightly different way. If X is a
reduced hypersurface in M, x1,...,x, are local parameters for M, and FF =0 is a
local equation for X, then Grassgim x(T'M) = PT*M, the projectivized cotangent
bundle to M, and the map from X° is written in natural coordinates

oFr oF
p= P§8—$1|p1'“1%|p

It follows that locally NB can be recovered as the blow-up of X along the ideal
of partials of the section of £ = O(X) defining X in M (cf. also [Nobile], where
a corresponding observation is worked out for more general X). We need a global
version of this observation.

Lemma 1.1. Let X be a reduced hypersurface of a nonsingular variety M, and let
Y be the singular subscheme of X. Then NB is the proper transform of X in the
blow-up Bly M = M of M along Y. Further, there is a bundle T on Bly M such
that

e (X) = mi(e(T) N [NB]).

Proof. Let Pi,L denote the bundle of principal parts of L over M, where £ = O(X)
as above, and consider the section M — P%JE determined by F' € H°(M, L); locally

we can write this as
oF oF
p— (p;F(p): : '—|p>

B_x1|p g
(recall that P}, L fits into an exact sequence
0—=T*M®L— PyL— L—0).
It follows that the closure of the image of the corresponding rational map
M --> PPLL

is the blow-up By M = M along the singular scheme Y of X defined in §1.1. Over
X this reproduces (up to tensoring by £) the map to PT*M considered above, and
the first part of the statement follows.

For the second part, let Q be the universal quotient bundle of PP}, L, and
consider 7 = Q¥ ® L. Observe that the universal subbundle O(—1) of PP}, L is
C T*M ® L over NB (since this dominates X, and F' = 0 over X), so there is a
sequence

0— Q|ng— Qv — L —0,

where Q' is the universal quotient bundle of P(T*M ® L|x). Chasing the identifi-
cation

Grass,_1(TM|x) = P(T*M|x) = P(T*M ® £|x)
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shows that Q' Y@L is the bundle used above in the definition of cv,and 7 = QVRL
differs from this by a trivial factor. O

The next lemma gives the Mather class in an alternative form, which highlights a
remarkable analogy with the Schwartz-MacPherson class. Still assuming X reduced,
in Bly M we have the proper transform NB of X; X itself pulls back to a Cartier
divisor of B¢y M, which we still denote X; also, we have the exceptional divisor ),
and we note that O()) is the restriction of O(—1) from PP;, L.

Lemma 1.2. With notations as above,

1+X =Y

Proof. From the proof of Lemma 1.1, we know that

QAXJ:ﬂ4<C<(£ﬁi3>v®c>rwNm>.

Because ¢(£) = 14+ X, ¢(O(1)) = 1 =Y, and (P}, L) = c¢(T*M @ L)c(L), this gives

c((Py L)Y @ L)
1+X-Y

en(0) = (s )

e (X) =y < N [NB]>

:m<dTM®£V®chV®mm—Jﬁﬂ—J

1+X-Y
:dTMN””<T$¥%§>'

|

With this understood, the third form of the result of this paper should appear
more significant: it says that the Schwartz-MacPherson class can be obtained sim-
ilarly to the Mather class, by replacing the class [N B] of the proper transform of
X with the residual to the exceptional divisor in the whole inverse image of X. In
other words, under the same hypotheses of the first and second statement of the
main theorem:

Theorem 1.3. Let X be a hypersurface in a nonsingular variety M, and let 7w, )
be as defined above. Then csy(X) = c.(X), where

(X)) =ce(TM)Nm, <%> .

Note: X may be nonreduced here.
To see that Theorem 1.3 is equivalent to the other statements, we have to show
that

(X] =]
* y =s(X\Y,M).
One way to see this is to consider for all £ the class

 (BLEEDLY.

1+ X +EkY
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for k > 0, [X]+k[))] is the cycle of the inverse image of the scheme X (*) considered
in §1.2; hence, by the birational invariance of Segre classes,

(2

— s(x®
1+X+ky> s M)

for k > 0. Both sides are polynomials in k, so they must agree for k = —1, and this
is what (*) claims.

1.4. Notational device. The following notations will be helpful in writing the
arguments needed in our proof of the theorem stated above. In fact they simplify
considerably the first formulation we gave, by giving a summation-free alternative
definition for the class s(X \ 'Y, M).

Definition. If A = P, a’ is a rational equivalence class on a scheme, indexed by

codimension, we let
AY — Z(—l)iai,
i>0
the dual of A; also, for a line bundle £ we let
@
AQL = —
® Z c(L)’
1>0

the tensor of A by L. We put a subscript to ® to denote the ambient in which the
codimension is computed (which may be larger than the scheme on which the class
lives), if this doesn’t seem otherwise clear from the context.

These notations were introduced in [Aluffi2], where we also proved simple com-
patibilities with standard vector bundle operations (Prop. 1 and 2 in [Aluffi2], §2).
We will freely use those properties in this note (especially in §2).

Lemma 1.3. With notations as above,
s(X\Y, M) =s(X,M)+c(L)""n(s(Y,M)" @ L).

Proof. This is detailed in [Aluffi2] (section 2), so we will not reproduce it here. It
is a good exercise for the reader interested in acquiring some familiarity with the
notations introduced above: if X C W C M, with X, M as above, and R is the
residual scheme to X in W, show that

s(W, M) =s(X,M)+c(L)"" N (s(R,M) @ L).

Applying to X (%) (as in §1.2 above) and setting k = —1 gives the statement. Details
may be found in [Aluffi2]. O

By Lemma 1.3, the main theorem can be formulated:

Theorem 1.4. Let X be a hypersurface in a nonsingular variety M, and let Y be
its singular scheme. Then cgp(X) = c.(X), where

c(X) = e(TM)N (s(X, M) +c(L)"' N (s(Y, M) @ L)) .
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1.5. Chern-Schwartz-MacPherson class and p-classes. Another formulation
of the main result of this paper can be given in terms of the u-class introduced in
[Aluffil].

If Y is a singular subscheme of a hypersurface X in a nonsingular variety M,
with £ = O(X), the p-class of Y with respect to L is defined by

pe(Y)=c(T"M ® L) Ns(Y, M).

This class does not depend on the specific realization of Y as a singular scheme of
a hypersurface (Corollary 1.7 in [Aluffil]). Note that if Y C M is nonsingular, and
with the notations introduced in §1.4,

(L) M A (ue (Y)Y @u £) = (-1) ™Y e(TY) N [Y].

(This isn’t entirely obvious from the definition; it follows from Corollary 1.8 in
[Aluffil]. Of course this formula fails spectacularly unless one assumes Y is realized
as the singular scheme of a hypersurface in M.) That is, the u-class can be used to
define yet another class extending the notion of Chern class to (certain) possibly
singular varieties. It turns out that this class gives a precise ‘correction term’ for the
class of the hypersurface of which Y is the singular scheme. The precise statement
is

Theorem 1.5. Let X be a hypersurface in a nonsingular variety M, let Y be its
singular scheme, and let L = O(X). Then cgpu(X) = c«(X), where

co(X) = c(TM) N s(X, M)+ (L)X N (e (V)Y @ur L).

This statement is equivalent to Theorem 1.1-4; showing this amounts to showing
that

(L)X N (e (Y) @ L) = e(TM) N s(X \ Y, M).

This is a good exercise in the notations of §1.4, and we leave it to the reader.

The full proof of Theorem 1.1-5 occupies §§2 and 3: §2 reduces it to showing that
the class ¢, introduced in this section satisfies a simple blow-up formula ((3) in §2),
and §3 proves this formula. In the next subsection we summarize an alternative
(and shorter) approach to a proof of the main theorem.

1.6. Proof by library search. In principle, the main theorem should follow
directly from the extensive current literature on singularities. We include here a
sketch of an argument along these lines, pointing to a proof of the theorem as
stated in §1.3. While we are not attempting here to fill in the details involved in
proving the key step (the Fact below), the expert will probably find this sketch
more insightful than the rather long-winded argument of §§2 and 3. On the other
hand, the longer argument gives full details, works over any algebraically closed
field of characteristic 0, and puts fewer demands on the background of the reader.

Working in the analytic category over C, let S = {S, } be a Whitney stratification
of the hypersurface X in M, and denote by d,, the codimension of S, in X. Bounded
complexes of sheaves F* on X, constructible with respect to S, have a characteristic
cycle in T*M,

Ch(F®)=> maNg M,
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a combination of the cycles of the closures of the conormal bundles to S, in M (see
for example [Massey], p. 356). We view the projectivization PCh (F*) as a cycle in
P(P1,L), via
P(T*M) = P(T*M ® L) C P(P},L).
Assume now that the Euler characteristic x(Fp) of the stalks of F* is the charac-
teristic function 1x of X. Then a particular case of Theorem 2 in [BDK] yields
1x = Z(—l)d"‘maEUQ,

«
where Eug— denotes the local Euler obstruction of S,. Applying MacPherson’s
natural transformation gives
csm(X) =Y (=1)*macn(Sa);
«

arguing as in Lemma 1.2, we can write

e (Sa) = (D)% e(TM)Nw M

M\ Pa * 1+ X — y
(where, as in §1.3, 7 is the projection from P3i,L, and Y denotes the exceptional
divisor of the blow-up of M along the singular subscheme of X) and therefore

20 Ma[PNG, M]

csm(X) = c(TM) Ny

I+X =Y
_ PCh (F°)

Comparing with the statement of Theorem 1.3, we see that in order to prove the
main theorem, it would suffice to show

Fact. For any complex F* as above,
PCh (F*) = [X] - [V].

This is where we leave the expert. This statement looks reasonable set-theo-
retically, for example by Theorem 3.3 in [Lé-Mebkhout]. It has been suggested to
us that the necessary multiplicity computation can be extracted from results in
[Parusiriski2], but this does not seem immediate.!

In a more general set-up, formulas for characteristic cycles can be found in
[BMM]. Excellent accounts on the beautiful circle of ideas surrounding character-
istic cycles and index formulas are [Sabbah], [Ginsburg], and [Massey].

2. THE PROOF: PRELIMINARIES

In this section we set up our strategy for a more elementary proof of the main
theorem, by reducing it to the proof of one property (property (3) below) describing
the behavior of ¢, under blow-ups along nonsingular subvarieties. Section 3 is
devoted to the proof of (3).

We will need here neither the full functorial picture summarized in the beginning
of §1 nor the details of MacPherson’s construction. We will only consider the
following three properties of a class c,:

L Added in proof: This computation is in fact carried out in a recent preprint by A. Parusinski
and P. Pragacz.
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1. If X is a hypersurface, and the support X;eq of X is nonsingular, then

Cx (X) = C(TXred) n [Xred]~

2. Normal crossings: If X = X; U X5, where X, X5 are divisors with normal
crossings in a nonsingular ambient variety M, and X7 is a nonsingular hyper-
surface of M, then

k(X)) = eu(X1) + ca(X2) — e (X1 N X3)

(note: we say that a divisor has normal crossings if its support does).

3. Blow-up: If X is a hypersurface of a nonsingular variety M, Z C X C M is
a nonsingular subvariety of codimension d in M, 7 : M — M is the blow-up
of M along Z, and X’ denotes the (scheme-theoretic) inverse image of X in
M, then

(mx0)- (0 (X)) = e (X) + (d = 1) eu(2).

(We often abuse notations and omit obvious push-forwards and pull-backs, as
above.) It is easy to see that the Schwartz-MacPherson class satisfies these prop-
erties: (2) follows from the analogous relation between characteristic functions (in
fact, with no restrictions on what X3, X2 may be); for (3), consider the map

f: X117 —-X

restricting to mx/ on X’ and to the inclusion % into X on Z, and define the con-
structible function N =1x, — (d — 1)1z on X' I Z. Then for p € X

1-0=1 forp ¢ Z,

L) (p) = (mx)(1x)(p) = (d = 1) ix(12)(p) = {d —d-1)=1 forpeZ

since for p € Z, 7= (p) = P4~! has Euler characteristic d. This shows that f.(R) =
1x, and (3) follows for cg.

It is also clear from embedded resolution of singularities that the class is uniquely
determined by (1), (2), (3) for hypersurfaces X of nonsingular varieties M. For this,
let Mg — Ms_1 — --- — M; — My = M be a sequence of blow-ups at nonsingular
centers such that the inverse image X of Xy = X is a divisor with nonsingular
components and normal crossings. Then (1) and (2) determine the class for Xg;
and, for i = s,...,1, X; — X,;_1 is a map as in (3), so the value of the class at
X;_1 is determined by its value at Xj.

Summarizing: in order to prove the main theorem, it suffices to show that the
class c.(X) introduced in the statements of Theorem I in §1 satisfies properties (1),
(2), (3) above.

The rest of this section is devoted to the proof of (1) and (2) for this class.
Property (3) is technically more demanding, and we will devote the entire §3 to its
proof.

2.1. ¢.(X) = ¢x(Xred). Here we prove that under good hypotheses the hypersur-
face may be assumed to be reduced. Note: it will be a consequence of the main
theorem that in fact this holds for all hypersurfaces, but we do not know how
to prove this directly in general. The following lemma establishes (1) above, and
simplifies the work required to prove (2).
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The context of the lemma is as follows: we want to show that if the compo-
nents of a hypersurface are sufficiently transversal, then the class of their union is
independent of the multiplicity with which the components appear.

Lemma I1.1. Let X1, X5 be two hypersurfaces in a nonsingular variety M, and
assume that at every point of M there are local parameters x1,. .., x, such that X,
has equation r1 =0, and X3 has equation f(x2,...,7,) = 0. Also denote by X,
the hypersurface locally defined by the ideal (7' f). Then

cx(X(m)) = c«(X1y)  for all m > 1.
Proof. The jacobian ideal of X(,,) is given locally by

. oF
L1 ! <f,.’L'1 81?) ;
i/ i>2

that is, it consists of the (m — 1)-multiple of X; and of a residual R independent
of m. But then

By, M = BlrM = M
is independent of m, while the exceptional divisor in Bly,,  is
Vimy = (m —1)X1 +,

where ) denotes the exceptional divisor in B¢r M. Using the expression for ¢, in
Theorem 1.3, we find that

[Xm)] = Vom)]
Lt Xy — Vim)
(m[Xy] + [Xo]) — ((m = D[X4] + [V])
[X1] + [Xo] = [V]
T4+ X1+Xo =Y
is also independent of m > 1, as needed. O

C*(X(m)) = C(TM) N

=c(TM)N=

=c(TM)N~

Lemma II.1 implies (1):

Corollary I1.1. If the support X,eq of X is nonsingular, then
Cy (X) = C(TXred) n [Xred]'

Proof. Taking Xo = ) in Lemma I1.1 yields ¢.(X) = ¢«(Xyed), S0 we may assume
X is reduced and nonsingular. Then its singular scheme is Y = 0, so s(X\Y, M) =
s(X,M). Finally, s(X,M) = ¢(NxM)~! N [X] (the inverse Chern class of the
normal bundle of X), so

co(X) = c(TM)e(NxM)™' N [X] = e(TX) N [X].
O

By a divisor with normal crossings we mean a union of smooth distinct hyper-
surfaces X1 U -+ U X, such that at each point of intersection of some of the X;,
say of X1,..., Xk, there are local coordinates (x1,...,2,) for the ambient variety
so that 1 = 0,...,x; = 0 are equations for X7,..., X respectively. In fact we
must allow the X;’s to come with multiplicity: the plan is to apply resolution of
singularities to an arbitrary hypersurface X C M, and this will produce a non-
singular variety mapping to M, in which the (scheme-theoretic) inverse image of
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X is a divisor with normal crossings, whose components will appear with multi-
plicity. Lemma II.1 implies that at this stage we will be able to discard the extra
multiplicity information:

Corollary I1.2. If X is a (possibly nonreduced) divisor with normal crossing, then
Cx (X) = Cx (Xred)-

Proof. This follows by repeatedly applying Lemma II.1, taking for X; each com-
ponent of the divisor in turn. O

It will follow from the main theorem that in fact Corollary II.2 holds for arbitrary
hypersurfaces. Again, we do not know how to prove this more general statement
directly.

2.2. Divisors with normal crossings. Here we prove that c, satisfies property
(2) above. We first translate (2) into the exact form proved below.

Let X = X3 U---U X, be a divisor with normal crossings. By Corollary II.2,
above, in computing ¢, (X) we may assume X is reduced. As usual, Y denotes the
singular scheme of X and £ = O(X). Also, we write £; for O(Xj).

Lemma I1.2. In order to prove (2), it suffices to show that

v = (1= i L ) 0o s

Here the reader must interpret the right-hand-side as a class supported in Y;
that is, obvious cancellations must be performed on the right-hand side. This will
be assumed implicitly in the following.

Proof. Assuming s(Y, M) is given by the expression in the statement, we derive
c(£)
Y, M)V L=|1-——"""——|N[M
o0 ou = (1= S )
and therefore (using the expression for ¢, given in Theorem 1.4, and after simple
manipulations)
1
N |M].
) T
Thus showing (2) for this class amounts to showing that

1
o(TM) (1 BT ey +Xr>) N

co(X) = c(TM) - (1 -

=c(TX1)N[X1]+c(TM) - (1 - (1—|—X2)-%-(1—|—X,,)) N [M]

1
— o(TX1) (1 - (1+X2)-~(1+XT)> n Xl

since X1 N (Xy U---UX,) is also a reduced divisor with normal crossings (in X7,
which is assumed to be nonsingular). Now the right-hand side can be written

X1 1
C(TM)<(1+X1)-~(1+XT)+1_ (1+X2)-~-(1+XT))Q[M]’

and this is immediately seen to equal the left-hand-side, as needed. O
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In passing we note that since cgy satisfies (2), the following formula must hold
for the Schwartz-MacPherson class of a reduced divisor X = X;U---UX,. C M as
above:

() csm(X) =c(TM) - (1 - 1

(1+X1)---(1+XT)> N M.

Taking degrees in (*) yields an expression for the Euler characteristic of X equiva-
lent to the Claim in §3 of [Silvotti]. In fact, (*) shows that if X is a normal crossing
divisor as above, cgy(X) maps to the dual of

(e(Qar) — (2 (log X))) N [M]

in A, M, where Qj;(log X) denotes the sheaf of logarithmic 1-forms along X. Theo-
rem 3.1 in [Silvotti] (that is, ‘Gauss-Bonnet for the complement of a divisor’) follows
by taking degrees in this expression.

Returning to the proof of (2) for ¢, by Lemma II.2 we are reduced to showing
that

s = (1 ik ) o) s €

for Y the singular scheme of a reduced divisor X = X; U---U X, with nonsingular
components and normal crossings.

Proof of (2). As aset, Y is the union of all the X;NX; with ¢ # j; X has multiplicity
k along the intersection of k components, X; = X;, N---NX;, (k= |I|), provided
that this is nonempty. We will work by induction on the number N of nonempty
such intersections Xy, |I| > 2.

The statement is clear if this number is 0, that is if Y is empty: ¢(LY ®---QLY) =
c(LY)---e(L)) if the X;’s do not intersect. Assume then Y # ), and consider an
X7 of minimal dimension, say Z = X; N--- N X. Locally along Z, X; has the
equation z; = 0 (for ¢ < k), where the x;’s are part of a system of parameters;
so the hypersurface is z1 --- 2 = 0 along Z, and Z has (local) ideal (z1,...,zk);

along Z, Y has ideal
o o .

Note that if some other hypersurface of the lot came in at some point of Z not
covered by the above chart, this would determine a smaller nonempty intersection,
against the minimality of Z. In other words, X; N Z = () for i > k.

Now blow-up M along Z; with a suitable choice of coordinates x; in the blow-up,
we can write the blow-up map as

T = 17,
To = I1T2,
Tk = jljka

and the inverse image of Y has ideal

sk~ sk~ k.~ ~ = ~ =
(ml...xk xl...xk xll-.xk>_jk_l<x2-.-xk} x2...xk)

~ b ~ ~ b b ~ ~ 1 ~ 9 ey
T1 T1T2 T1Tk

X9 fk
in this chart. Now this says that the residual of (k — 1) times the exceptional
divisor in the inverse image of Y is (in this chart) the singular scheme of the proper
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transform of the hypersurface. This must in fact hold globally on Z, as the behavior
on the other charts is identical to the one shown above.

Now the key is that the proper transform of the hypersurface is again a divisor
with normal crossing, but for which the number N considered above is one less
than for the original hypersurface; therefore by induction we know the Segre class
of its singular scheme from Lemma II.2:

1—- (X1 —E) = — (Xpg —E) = Xpp1 — - — X,
1-X1+E)...0 - X+ E)1 — Xp41)...(1 = X3)
where E is the class of the exceptional divisor.

Using Proposition 3 from [Aluffi2] to include the (k — 1)-multiple E, and using
the birational invariance of Segre classes, we get that s(Y, M) is the push-forward
to M of

1- ® O(X1 + -+ X, — kE),

(k—1)E N 1
1+ (k-1E)  1+(k-1E
1-X1 - - X, +kE ‘
.<1_ (1_X1+E)"'(1_Xk+E)(1_Xk+1)--.(1—XT)®O(X1+"'+X7'_E)),
that is,
N S
1+ (k-1)E

( - X1~ — X, +kE
0I—X+B).. X+ B (1= Xps1)...(1=X)
and, using [Aluffi2], §2, this is manipulated into

®O(X1+~~~+X,-—E)>7

(=X - X+ B
1-X,— - X, 1 kE
1= X -~ X, +kE
'(1—X1+E)...(1—Xk+E)(1—Xk+1)...(1—XT)®O(X1+“'+X7'_E))
B - X1~ X, +E
*1_((1—X1+E)...(1—Xk+E)(1—Xk+1)...(1—xr)®O(X1+"'+XT_E)>
(XX a-By
=1 ((1—X1)...(1—Xk) X -FB) . (-x,—p 20Xt +X)).
Now we claim that
(*) (1_E)r—1
0—Xe1—E)..(1—X, _E)
pushes forward to
() . .
01— X)) (1-X,)

Indeed, any term involving both E and some of the X;’s, ¢« > k, is necessarily 0
since these X;’s do not meet Z; so (*) equals
1

(1—Xg1)...(1— X))’
and all powers E? with 0 < i < k push forward to 0 because Z has codimension k.
So (**) is all that survives the push-forward.

In conclusion, this shows that s(Y, M) equals
(M] - [Xy] —--- — [X,])

1-X7)...1-X,)
completing the induction step. O

1-E)F 1t -1+

[M] — @m O(Xy + -+ X;),
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This concludes the proof that the class c. of §§1 and 2 satisfies properties (1)
and (2) stated at the beginning of this section (and it follows that c, and the
Schwartz-MacPherson class coincide for hypersurfaces with normal crossing).

83 is devoted to the proof of (3), thereby concluding the proof of Theorem I.
This will be the most delicate ingredient in the proof of the main theorem.

3. BEHAVIOR UNDER BLOW-UPS

The last ingredient in the elementary proof of the main theorem is the proof of
(3) from §2. We will obtain this by transforming (3) into equivalent and more basic
assertions, which however will require more and more notations to be stated. In
the end, (3) will follow by an explicit computation of a ‘cycle at infinity’ (Zo in
§83.4-3.8) arising in a graph construction.

We first reproduce the notations used so far, and the statement of (3) given in
§2. Let X be a hypersurface of a nonsingular variety M, and let Z C X C M
be a nonsingular subvariety of codimension d in M. M < M will be the blow-up
of M along Z, FE will denote the exceptional divisor of this blow-up, and X’ the
scheme-theoretic inverse image of X in M; £ will be the line bundle of X (hence
its pull-back, also denoted L, is the line bundle of X’), and Y, Y’ will respectively
denote the singular subschemes of X, X’. Then (3) states that

Te(ca(X) = en(X) + (d — 1) ex(2)

in A.X. (Note: in this section especially we will often indulge in severe notational
abuses, of which this formula is a good example. To interpret this formula correctly,
the reader is expected to restrict m to X’ before using it to push forward c,(X’);
and to push forward ¢,(Z) from A.Z to A,X. While this will make some of our
statements slightly imprecise, employing full notations would often make them quite
unreadable; we opt for the first alternative.)

3.1. (3) in terms of classes in PP} L, ]P’P%ZE. Here we translate (3) by using
the form of ¢, given in Theorem I.3.
We will denote by P}, L, 73]1\713 respectively the bundles of principal parts of £

over M, M. The section F of £ over M , M’ defining X, X' resp. determine sections
o *pl 7 1
M — 7Py L, M — PME,
which projectivize to rational maps
r *p1 r 1
M --» Pr*P;, L, M --» ”PME.

The closures of the images of these maps are the blow-ups Bgﬂ-—lyﬁ, BZY/JT/.?
respectively (this follows from staring at local descriptions for the sections; cf. §1.3).

This is the first instance in which we perform two parallel constructions: one on
the 7*P}, L side, the other on the 7311\713 side. As a rule, we will put subscripts M,

M on corresponding objects on the two sides, to keep track of which side they be-
long to: we start this convention by naming the universal subbundles in Pr*P}, L,

PP}VIE respectively Ons(—1), Oz;(—1). Similarly, Yas, V3 will denote respectively

the exceptional divisors in B€r1yﬂ, BEYIM; note that O(YVyr), O(Vy;) are re-
spectively the restriction of Opr(—1), Oz;(—1) to the blow-ups. Also, par, py; will
denote respectively the bundle maps on Pr*Pi, L, IP’”P}\?E. Finally, the reader is
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warned that the 7* employed so far will soon be dropped (as is allowed by various
functorialities of pull-backs).

Claim II1.1. In order to prove (3), it suffices to show that

TLDM <c (%) N [Bﬁ,,lyJ\A/f]> = Tpgy, <c (%) N [Béy/ﬁ]> .

M

Proof. Writing c, as in §1.3, and with the above notations,

00 . (o) . (1221

1+ X - Yy
es(X') = e(TM) Ny, (%) -
M

Now

Topar, | c P}Jf N[Blr1yM]) —mps, | ¢ 7?1”7_5 N [Bly M]
Om(-1) On(=1)

o (pM* (ATMEOAD) 15y, 57 -, (w - m))

14+ Yum 1+ Yy
_ n+1 C(T*M) Y3 o C(T*M) Y2
=c(L)"" . (pM* (—1 X 1 N [Bf,rqu]) Pt (—1 i . N [Bly ' M]
®L

(notations as in §1.4, and properties of the same from [Aluffi2]). Thus the equality
in the statement is equivalent to

o(T*M) ~ o(T*M) ~
* — N [Bl-1yM] | —p. | —==——N[BlM =0.
7T<pM*(1—X+me[€ Y ]) pM*(l—X’—i—me[éY ] 0
Taking duals, this is equivalent to
(T M) — o(TM) =

* —————N|BlayM] ) —p3; Bty M =0,
7T<pM*<1+X—me[€ y ]) pM*(l—i—X’—me[gY ]
that is, to

X —Vm ~
i x o e yM) N [BZ,TQ/M])

_ 7 X' —Vn i) -

or, using the expressions given above for c,, to

TuDM (C(TM) (1

DAL, (c(TM) N [BzrlyM]) — ex(X) = Ty, (C(TJTI) N [Béy/M]) + e (X') =0,
and finally, using the projection formula, to

Tees(X') = ¢(X) + ((C(TM’) —«(TM))N [M]) .
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Now

T (c(TM)YN[M]) = «(TM)N[M] = (d — 1) e(TZ) N [Z] :
in characteristic 0 this is immediate from the functoriality of Schwartz-MacPherson

classes (in fact it holds in arbitrary characteristic, as may be easily checked using
Theorem 15.4 in [Fulton]). Therefore the equality in the statement is equivalent to

k(X)) =e(X)+ (d = 1) e(TZ)N[Z],

which is precisely (3), as needed. O

3.2. (3) in terms of classes in IP(P;,L & P L) over M. Before attacking the
equality stated in Claim III.1, we need another notational layer to put both sides
in the same place. The general plan is to show that they are equal by realizing
them as cycles arising in a graph construction ([MacPherson], [BFM], or [Fulton],
§18.1). The natural place to look for something of the sort is

P(PyL & P L)
There are two natural embeddings:
P(PyL) = P(Py L& PHL), P(PLL) — P(Py L& PLL),

as ‘first’; resp. ‘second’ factor. These are the centers of two families of central
projections

PM

P(PLL®PLL) S P(PLL), P(PLL®PLL) ™5 P(PLL)

respectively. Also, the rational maps from M to the bundles (considered above)
determine two embeddings

Bly-1y M — P(P}L) — P(Py, L& PLL),
Bty M — P(PLL) — P(P},L ® PLL),

and the cones
GM = p&l (Béﬂ.—ly]q), GM = p;zl(Bgy/M).

Also denote by O(—1) the tautological subbundle of IE”(’P}WEEB’P}WE), and note that
O(—1) restricts to Opr(—1), Oz;(—1) on the two factors, and that

Nppi, 0)P(Py L ® P L) = P L © O(1),
Np(p}\zﬁ)P(P}w/S O PLL) =PyLeO(1)
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(as seen with the aid of standard Euler sequences). Finally, p will denote the bundle
map to M. Here are some of the notations in a diagram:

P(Py L& PLL)
M~ g RN P
v~ - Sy
P(P},L) p P(PyL)
PM Pr
M
M

Now we are ready for the new reformulation of what we have to prove:
Claim II1.2. In order to prove (3), it suffices to show that
PLLOPLL
M
—=— | N ([G+] - |G
pushes forward to 0 in M.
Proof. This follows immediately from Claim III.1 and the following lemma:

Lemma III.1.

PL,LO®PLL 1 .
D (C <M(’)(f1)M> N [GM]> = DM (c <(’),P#fl)> N [BfﬂlyM]) ,

PyuLePLL PLr —
Dx (c <M(’)(f1)M> N [GM]> = Dit, <c (%) N [B&nM]) .

Proof. We check the first equality; the second is entirely similar.
First, observe that, since Gar N P(Py, L) = Blr-1y M in P(Py, L & P-L) (and
this intersection is transversal),
P L —~ Pi L 1
— Bl,.—1y M| ) = ps — P . .

Next, O(1) restricts to Opr(1) on P(P4,L); denote by j its first Chern class. The
normal bundle formula above tells us that (with n = dim M)

[P(P3L)] - [Garl = crop(P iz £® O(1)) N [Gad]
= (7 ea(PHL) + cann (PLL)) 1[G
Therefore
(G55 ) PO (G
= c(PLL)(+j+ 72+ ) (77 + o+ G en(PEL) + earn (PLL)) NG,
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With the same notations,

PLLEPLL
¢ (W) NG

= c(PLL)1+j+ 72 +.) (14 + ea(PLL) + eaa (PLL)) N G
The difference consists of a sum of terms
c(PyL) j'en(P L) N [Gar)

with i + k < n + 1; but G fibers over its image in P(P3,£) (via pps) with fibers
of dimension n + 1, so all such terms die already in P(Pi,L); and a fortiori after
push-forward to M. O O

3.3. (3) in terms of classes in P(P},L @ 77]1\75) over BL. In order to attack
Claim II1.2, we have to produce explicitly a class equivalent to [G 37] —[Gw], and we
have to evaluate the intersection product and push-forward stated in Claim III.2.
For this, we will pull-back the situation to a variety dominating both Béﬂ-flyﬂ
and BEY/JT/.? . Consider the natural morphism of bundles

¢: Pyl — Pyl

over M. , extending the differential dm : T*M — T*M. (We are omitting here,
and we will omit from now on, the pull-back notation 7* on the sources of these
morphisms.) This morphism will play a fundamental role in what follows.

For a start, observe that ¢ is also a family of central projections: over a general
point of M, ¢ is an isomorphism; over a point of E, say corresponding to a direction
u normal to Z, ¢ collapses forms vanishing along T'Z and u. Projectivizing, we get
a rational map

Y PPyL--»PPLL

which is resolved by blowing up the family C' of centers of the projections (with the
reduced structure); equivalently, the blow-up will be the graph I of ¢ in PP3,L x I
PP11\71‘C' At the same time, 1) restricts to a rational map

Bfﬂ.—lyj\z = BZY/M

which can be resolved by blowing up the source along its intersection with C,
obtaining a variety BL. Equivalently, BL is the graph of this map, which sits in I":

r
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Since BL maps to both B€r1yJ\7, BEY/M, note that on BL we have line bundles
(obtained by pulling back) Opr(—1) = OV ), Ozz(=1) = O(V5;7)-

Now we can pull-back P(P},L & 7311\75) etc. to BL. The advantage of doing so is
that the cycles playing the role of Gy, G; have a nicer description: consider the

following loci defined over BL:

Gy =P(On(-1) & P L) C P(Py L& PLL),
Gy =P(PyL® O5(—1)) CP(Py L & PLL):;

the reader will verify that these G'a, G3; push forward to the loci with the same
name over M (the reason is that P(Op(—1)) C P(P}3,L) realizes the embedding of
Bl,-1y M in PP}, L, etc.).

It follows that we can adopt Claim II1.2, taking the bundle and cycles in the
statement to live now over BL, with the above positions.

3.4. The graph construction. The loci G, Gy; are now projectivizations of
rank-(n +2) subbundles of P}, L ® 77]1\75 over BL. It is natural to interpolate them
by considering the span of the graph of

1
N& Pyl — Py L

and 08 O;(—1) in Py LEPLL : let G denote this span (thus G is a rank-(n+2)
subbundle of Py, L & P L for all A # 0).

Notice that as 1/A — 0, Gx projectivizes to the locus G 3; defined above. In fact
G can be realized (for A # 0) as the element in Grass,, 2 (’P}WEEBP;?E) determined
by the graph of

1 PLL
* Pl 2 plp . M=

a point of Grass, +1(Py, L&(P;L/O5;(~1))). Over general points of BL, the kernel
of the composition (*) is the fiber of Oy, (—1); it follows from general considerations
about the graph construction ([BFM]; also [Kwieciriski|, 1.7, p. 56) that the flat limit
of Gy as 1/\ — oo will consist of several components, one of which will precisely
projectivize to the locus Gps defined above. This will also be recovered later on, by
a coordinate computation.

Let Z, denote the other (that is, distinct from Gjs) components of the projec-
tivization of limy /o0 G-

Claim II1.3. In order to prove (3), it suffices to show that

PLLOPLL
c <T1)M> N [Z]

pushes forward to 0 in M.

Proof. The construction gives an explicit rational equivalence between [G ;]

[hml/)\»—»O ]P)(G)\)] and [liml/k»—»oo P(GA)] = [GM] + [Zoo] E|
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3.5. Coordinate set-up in BL. Fortunately limyo G (and therefore Z,) can
be analyzed most explicitly by a coordinate computation; however, this requires
studying BL more carefully and introducing if possible yet more notations.

The variety BL contains (inverse images of) divisors E, Vs, Yy in fact we
already observed that the line bundles for the latter two are respectively Opr(—1),
Og;(=1). Also, as BL arises by blowing up Béﬂ-—lyﬂ along a certain locus (called
C in the above), it contains a corresponding exceptional divisor £ys. Further, note
that the rational map v defined above is birational; so we can think of BL , as the
resolution of indeterminacies of ¢!, which realizes it as a blow-up of Bfy M. De-
note by £5; the exceptional divisor of this blow-up. (Note: Exr, £3; are restrictions
of analogous exceptional divisors from I'".)

The intersection of C' and Bgﬂ-—lyﬂ can be computed easily. The reader may
wish to check tAl}at it is the residual to Vjs of the scheme-theoretic inverse image of
Y’ in Blr-1y M. Similarly, it is not hard to see that the center of the blow-up of
Bty M producing BL is the residual to Y;; in the (scheme theoretic) union of £
and the inverse image of Y in BKY/M.

To get a feeling for the situation, the reader may also wish to check that the
residual to Y in Y’ is supported on the intersection of E and the proper transform
X of Xin M. In fact, ENY”’ is precisely this intersection, while ENY is supported
‘just’ on the points at which X is tangent to the fibers of E over Z.

Lemma II1.2. With the above notations
Eu+ &y =F,
Yu +Em = Vi,
as divisors of BL.

Proof. These equalities follow easily from the considerations immediately preceding
this statement. For example, the ideal of £y, is the pull-back of the ideal of C', hence
it is the residual to Vs in Vj;; this gives the second equality. By the same token,
5]\7 is the residual to Vi in Y + E; that is,

Yvu+E=YVy+&y
and the first equality follows. O

Lemma III.2 will be used in a moment, when we choose functions on BL to write
entries for a matrix whose row-span is G. First, we have to choose local coordinates
in Pi,L and ’P]%E. Choose local parameters z1,...,z, in M and Z1,...,%, in M

so that Z has ideal (x1,...,24) and the blow-up map M — M is given by

Tl = 'i:la
To = I1T2,
Tq = jljda

Td41 = Td41,
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Keeping in mind the sequences
0—=T*M®L— PyL—L—0,
0T M®L—PLL— L0,

and working locally, we use (s, v1,...,v,) to denote the jet in Pi,L£ mapping to s
in the fibers of £ and with differential v1dx; + - - - + v, dx,. Similarly, (s, 01,...,7,)
in 731]\213 maps to s in £ and has differential ¥1d%; + - - - + U,d%,. The morphism

¢: PyL— Pyl

defined above has the matrix

TP 0 0 0 --- 0 O 0
0 1 22 23 --- g O 0
0 0 2z O 0 0 0
00 0 x 0 O 0
00 0 O z1 O 0
00 0 O 0 1 0
oo o0 o0 - 0 0 -1

in these coordinates. Also, the embeddings
Bl -1y M C PLL,
r 1
Bly:M C PME
are obtained by projectivizing (and closing) the image of the sections

oF oF
D= (F(p)’a_xlb”%h)) 5

oF oF
b= <F(p)78_!%1|;07"'7%|20> :

Here F' is the section of £ giving the original hypersurface X, pulled back to M to
give the hypersurface X’. If X has multiplicity m along Z, F will be a multiple of
7" on M.

With these notations and over points at which F' or some of its partials g—£ do
not vanish (that is, away from Y”), the subbundle Gx C Py, L& P L defined above
is spanned by the (n + 1) rows of

A0 0 O 0 0 0i1 0 0 O 0 0 0
0O X 00 0 0 00 1 0 0 0 0 0
00 A O 0 0 010 z2 21 O 0 0 0
0 0 0 A 0 0 00 z3 0 x4 0 0 0
0 0 0 O A0 010 z¢ O O 1 0 0
0 0 0 O 0 A 00 0 0 O 0 1 0
0 0 0 O 0 0 A0 0 0 O 0 0 1
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together with the row vector

(0000... 00 --- 0|F(f;9_§1 8895)

(accounting for the 0@ O;(—1) factor). The reason why we introduced the variety
BL above is to be able to extend this description to points of Y. Still working
locally, give names to the sections corresponding to the various divisors on BL. We

have:

—F, with local generator Z; (borrowing its name from M , from which the gen-
erator is pulled back);

—the exceptional divisors Yy, Yirs the ideals of these are the pull-backs of
-1y, Iy, and we will call local generators for these (principal) ideals yas, yy;

respectively;
—the exceptional divisors s, E;; local generators for these will be called eny,

ey respectively.

Lemma III.2 gives the following relations among these terms:
Ty =emey;, Yy = Ymem

(so that also yy;e17 = yamrd).
Since Zy- pulls back to (yg;), there must be (local) ao, ..., a, over BL so that

oF oF
F = aoyy;, it = alyﬂa"w% = AnYp;-

By the same token, there must be by, ..., b, such that

F:beM, g—izblyM,...,%:bnyM.
Further, both ideals (ag, ..., ay) and (bg,...,by,) equal (1).
Now

OF OF _ OF . OF

9 0w om T Moay

OF _ OF oF _ OF

8—5:2:1'18—1:2, ...,8—@:!%18—%,

oF  OF oF  OF
0fqr1  Ovar’ 0 0F,  Owy’

which translates into

aoyy; = boym, aryy; = biym + T2baynr + -+ + Yabaynr,

asyy; = Tibaynr, - .., aayy; = T1baynr,
Ga+1Y5; = baviym, s anypr = baynr,
and therefore
bo = agenr, b1 =aren — Taby — -+ — Taba,
az =baeg;, ... ,aq = baeyy,
bd+1:ad+leM7 ey by =anens.

This means that we can throw away half of the a’s and b’s; from the data of

{ao,a1,b2,...,b4,a441,...,an}
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(which again locally generate (1)) we can obtain explicit coordinates in PP3, L,
]P’P%;IE for the image of a point of BL:

(apens : arepns — Tobg — « - — Zgbg : by i -+ 1 bg s agyienr -+ anenr),
(ap :ar:baegp i bgeg i @ap1 i - Ap).

With this understood, the rows of the (n + 2) x (2n + 2)-matrix

A0OO - 0 0 -+ 0]1 0 0 0 0 0
o xo0o --- 00 --- 010 1 0 0 0 - 0
O 0 X - 0 0 -+ 0[]0 zo T 0 0 - 0
0 0 0 A0 010 x4 0 T1 0 0
0 0 O 0 A 00 O 0 0 1 0
000 --- 00 --- ANlO o0 0 0 0o .- 1
000 0 <+ 0 0 - 0lag a1 boeg; -+ baegy Gap1 -+ an

do span G for all A # 0.

3.6. Three lemmas. The following lemmas will not be used till the final step of
our proof, but this seems the best place to include them, as they use the notations we
just introduced. Consider again the coordinates for a point in Bl,-1y M C PP}, L
obtained above:

(:aleM—isng—---—idbd:bQ:---:bd:|ad+1eM:-~~:aneM|).

The entries here are (local) components of a vector spanning Op/(—1) in PL, L. It
is clear that the boxed entries vanish along £ys (as epr = 0 is an equation for the
latter). To express this more intrinsically, consider the natural projection

pz: PuL®PyL — Pyl —PyL

killing the second factor and projecting the first onto the bundle of principal parts
of £ over Z; then the above observation is that

Lemma II1.3. pz(Op(—1) ®0) =0 along Epr-

This vanishing will be an important ingredient at the final step of the proof, in
§3.8. The two lemmas that follow are also important, and they are less evident.
First, observe that as £;; maps injectively into B, M , its components either

(i) dominate E C M, or

(ii) dominate components in E C Bl,.—1 M which contract in M.

Lemma II1.4. pz(Op(—1) ©0) =0 along components of Ex; of type (i).

Proof. To see this, it suffices to check that, at points of £5; mapping to general
points of E C M, necessarily Ty divides ag and ag41,...,a,. Assume X has
multiplicity m > 1 along Z, and write (locally) F = Z{*F (that is, let (F) be the

ideal of the proper transform X of X). Then computing partials gives the ideal of
7 lY:

~ ~  _9F OF OF _ OF OF
) Loy =3 B FE,mE 4+ f oy —— s o B ey B — |
( ) 71y Zq <$1 , M +$185?1’5;%2’ 7ai'd’$16jd+17 7$16jn>
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This ideal pulls back to (yps) in BL. Now F # 0 at a general point of F C M,
and hence at a general point p of the component of £5; we are considering. Then
at such points (*) gives

I7T71Y = (jT_l)v

that is, yp = :i:;”_l in BL; with the positions made in §3.5 we have

= . OF . OF
ageny = T1F, agr1epy = T15—, ..., GnepM = T1 52—,
0% g41 Oy,
that is
7 oF oF
apg = €7, Ad+1 — == €77y, = — €77,
Mo Yd+ axd-i—l M s Un 8xn M’
ap and agy1,.-..,a, are multiples of €57 hear p, as we needed. O

The story for components of type (ii) is a little different: the boxed entries
above do not vanish identically along these components. However, let 5}’\7 be such

a component, and let Z’ be the subvariety of Z that 5;\7 dominates; also, let
PuLoPLL 2L PLL

denote the natural projection. Then

Lemma IIL5. pz/(On(—1) & 0) =0 along £7-.

Proof. Again, it suffices to show this at the general point p of 5;\7. So let gs denote
a local equation for 537 at p. 5;\7 dominates a component contained in £ C BZ,qu

of the exceptional divisor of the blow-up of M along 7~'Y. Thus & ;\7 is, aside from

a multiple of E, the inverse image of 7='Y in BL (near p), and we may assume
that the ideal of the latter (again, aside from the factor #"~') contains ;: from
(*) above; we see that (§as) is the pull-back of

- OF OF
= % ,F, AT ey A~
J (xl 0o 8xd>
near p, and (since Z7""'J = T, -1y pulls back to (yar)) we have
yr =27 G
up to units at p. _
Since #1 € J and F € J, we have

1 =cYm, F=crym
for some c,, cp. By the positions made in §3.5,
ymaogey = F = :i:’lnﬁ,
that is
Jaragen = @1 F,
and therefore
apepM = CxCFYM-

The left-hand side is the first boxed entry listed at the beginning of this subsection,
and the right-hand side shows that this vanishes along 5;\7 (as gpr = 0 is an equation
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for the latter). Behind the notational smoke, the reader should be able to see that
this simply works because both z; and F vanish along the subscheme defined by
J in M ; the first boxed entry is controlled by Z; ﬁ, so it vanishes to higher order.
The above computation simply formalizes this observation.

Now we want to argue similarly for the other entries. For i = d+1,...,n we
have (from §3.5)

OF . OF

YMAEN = =~ = Ty 7=
Bxi ! al'l

and therefore

_ _OF
YMAEM = X1 5=
al'i
or
OF
aQ;epf = Cop =)
1CM wajl

the vanishing of a;e)s along 5}’\7 follows for ¢ > d+1 if 3—5 vanishes along the subset

S c M dominated by £

Recall we are denoting by Z' C Z the image of 81’\7 (hence of S). The image of
p will be a general, hence nonsingular point g of Z’. Choose the local parameters
Zd41,---,Ipn on Z sothat Z’' has equations Z411 = - -+ = &5 = 0in Z near q. Now Z’
is the image of S C F: the tangent space to }71 at a general point of S must dominate
the tangent space to Z’. This means that g—gi =0 along S fori=s+1,...,n, and
this implies the vanishing of the corresponding entries a;ejs along 85\7[«, as observed

above. Intrinsically, this amounts to the vanishing of pz/(Op(—1) ®0), and we are
done. (]

Example. The case considered in Lemma II1.5 occurs when the hypersurface is
nonsingular away from Z, and ‘cuspidal’ along some subset Z’ of Z. For an example
that may help fixing ideas, consider the surface with equation

x3 + 22 (x) +a3) =0

in A3. This is singular (and equimultiple) along the line 1 = x5 = 0; the singularity
has transversal branches at all points with z3 = 0, but is cuspy at the origin. In the
blow-up, the proper transform of the surface intersects each fiber of the exceptional
divisor in two points; these collide into one point, say r, in the fiber over the origin.
In the above terminology, S = {r}; so blowing up 7='Y in M amounts to blowing
up 7 in this case. Since r € E, this will produce a component of E' C Béﬂ.—lyﬁ
contracting into M, that is, a component of type (ii) in £5;. In this example Z’
would be the origin.

3.7. Computing Z.,. In order to determine the limit of G\ as A\ — 0 we consider
the matrix given in §3.5 as defining a rational map

BL x P' —— Grass, 2(Py L ® 73]1\75),

by sending (for A # 0) (p, (A : 1)) to the fiber of G over p. The plan is to resolve
the indeterminacies of this map, and determine Z., as the image of specific loci via
the resolved map.
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The base locus of the map is determined (using Pliicker coordinates for Grass,,+2)
by the ideal of (n 4 2) x (n 4 2) minors of the matrix of row-vectors given in §3.5.

In terms of the %’& this turns out to be the ideal

)\d<F, oF - 8F>

0%’ 0%y

OF OF OF OF oF
N 3 F i —— = Bl . B e
+ ((El 7x18§3178§327 7a§3d’x181~7d+1’ 7x181~7n)

+...
OF OF oF oF OF
P2 B F i e — e By o B ——
+)\-T' (:El y L1 i’l’ai'g’ 7ai'd7xlai'd+1’ 7$18i'n

Pulling back to BL, this is written

d—1 yd—2 d—3 2 d—2 d—1
AY g (/\ AT e, A EMEps -5 €0 €Y )
and resolving the map amounts to making the ideal in () principal.

By our good fortune, this is easy to accomplish: it suffices to blow-up BL x P!
twice, first along £ C A, where A is the copy BL x {(0 : 1)} of BL, and then
along the proper transform of £,y C A. In terms of ideals, first we blow-up along
(A, e37); the interesting chart (we leave it to the reader to check that nothing goes
wrong on the other charts) is

A= Ne,
e~ — B~

M=
so the ideal pulls back to

Jd—1zd—1 Yd—25d—1 Jd—3zd—1 ~d—1_d—2\ _ sd—1/3 d—2
(/\ € S A ey S A €5 eMs-- 5 € ey )_61\71 (N en)* 2,

then along (X, exr). It is clear that the pull-back of the ideal will then be principal,
as claimed.

Now we have to do this on the matrix whose rows span the G)’s. Again, we
show what happens on one interesting chart of the result, and leave the others to
the reader. We change coordinates according to

{ A = st, { s = uv,
e =10 en = v;

that is,
A = uvt,
Ep =0,
e = t,
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and the matrix becomes

uvt 0 0 0 0 0 |1 0 0 0 0 0
0 uvt 0 0 0 0 |0 1 0 0 0 0
0 0 uvt 0 0 0 |0 x2 ot 0 0 0
0 0 0 ceeuvt 0 0 [0 x4 0 vt 0 0
0 0 0 0 uvt 0 |0 0 0 0 1 0
0 0 0 0 0 - ot |0 0 0 0 0 1
0 0 0 0 0 0 |lap a1 bt --- bgt Ad+1 -+  Qn

uvt 0 0 0 0 0 |1 0 0 0 0 0
0 uvt 0 0 0 0 |0 1 0 0 0 0
0 —Zou U 0 0 0 |0 0 1 0 0 0
0 —Zqu 0 -+ w 0 0 |0 0 [ 1 0 0
0 0 o -+ 0 wvt --- 0 |0 0 [ 0 1 cee 0
0 0 o --- 0 0 <o wwt |0 0 o .- 0 0 ce 1
0 0 o --- 0 0 cee 0 lao a1 b2t -+ bat a@a+1 -+  Gn
hence as
uvt 0 0 0 0 01 0 O 0 0 0
0 uvt 0 0 0 0 1 0 0 0
0 —Zou 0 0 0 [0 0 1 0 O 0
0 —Zqu 0o - u 0 cee 010 0 0 1 0 0
0 0 o --- 0 uvt cee 0 0 0 O 0 1 0
0 0 o --- 0 0 - wut |0 0 0 0 0 1
aov aiv — Zg :iibi b2 e bd adq+1v cee anU 0 0 0 0 0 0

This matrix has maximal rank everywhere, as it ought to (this is because

d
(aov,a1v — Zfibi, b,y bdy @1, anv) = (1),
2

cf. §3.5); so the map corresponding to Grass, 12 is indeed defined everywhere. The
limy, G is therefore determined by the image of A\ = 0; since A = uvt, this breaks
up the limit into three pieces:
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—over u = 0, the component dominating BL x {(0: 1)}; this gives

0 0 0 0 0 01 0 O 0 O 0

0 0 0 0 0 010 1 0 0 O 0

0 0 0 0 0 010 0 1 0 0 0

0 0 0 0 0 00 0 O 1 0 0

0 0 0 0 0 0 |0 0 O 0 1 0

0 0 o --- 0 0 e 0 10 0 O 0 0 1
aov ailv — Zg izbb b2 e bd ad+1v s anvU 0 0 0 0 0

which projectivizes to [P(On(—1) & P1.L)] = [G] (as we promised in §3.4, Gy
had to appear as one component in the limit);

—over v = 0, which dominates £y x {(0:1)}:

0 0 o - 0 O -~ 011 0 O 0 0 0
0 0 o - 0 0 --- 0|0 1 0 0 0
0 —Zau v --- 0 0 --- 00 0 1 0 0 0
0 —Tqu 0 u 0 0|0 0 O 1 0
0 0 0 0 0 00 0 O 1 0
0 0 o .- 0 O --- 00 0 O 0 0 1
0 —>%a&b; by -+~ by O -~ 0[]0 0 O 0 0

0 0 0 0 0 01 0 O 0 O 0

0 0 0 0 0 01 1 0 0 O 0

0 —Tou 0 0 010 0 1 0 O 0

0 —ZTqu 0 U 0 00 0 O 1 0 0

0 0 0 0 0 00 0 O 0 1 0

0 0 0 -~ 0 0 -~ 01000 - 00 - 1
aopv ailv — Zg izbb b2 e bd ad+1v s anvU 0 0 0 e 0 0

These last two loci make up Zo, (by definition of the latter as residual of Gy in
the limit). We have to study these loci, aiming toward computing the class of the
statement of Claim IIL.3.

3.8. End of the proof of (3). Summarizing, we have determined Z,, as the
image of two loci defined over a double blow-up of BL x P!. They both sit in
(the pull-back of) P(P;,£ & P L), and they dominate respectively the second and
first exceptional divisors (equations v = 0, ¢ = 0), which we will call Dys, Dyy;
these in turn dominate resp. Enr, £57. The loci can be written as projectivizations
Fy =PFy, Fyp =PFy; of rank-(n + 2) subbundles Fyy, Fyp of P%JE &) ’P]1\~4£ over
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resp. Dy, Dy;, determined by the last two matrices written above. The following
is our final reformulation of (3):
Claim II1.4. In order to prove (3), it suffices to show that

PyuL@®PLL PlrapPLlr

o LM ) N [Fy), o 2L—M")n [Fy]
o(-1) o(-1)

vanish after push-forward to M.
Proof. Via the map of bundles

B(PL,L & PLL) —— PP L@ PLL)
double blow-up of BL x P! —— BL

the cycle [Fys] 4 [F3;] (which lives in the top-left spot) pushes forward to [Z] (in
the top-right spot). So the claim follows directly from Claim I11.3. O

Finally, we are ready to complete the proof of (3), and therefore of the main
theorem:

Proof of (3). Observe that

PyLePLL PyL&PLL
() - () ) o

pushes forward to

PLLEPLL
(n ‘ (%) D)

on the double blow-up of BL x P!; indeed, O(—1) restricts to the universal line
bundle in Fy, so ¢(O(—1))~L N[Fy] pushes forward to ¢(Far) =t N [Dyy]. Similarly

PLLEPLL
‘ (W) ¥

pushes forward to

PLLO®PLL
(t1) ¢ (&) N [Dy.

i

The reason why these classes (f), (11) vanish when pushed forward to M lies in
the three lemmas in §3.6. Arguing explicitly for (1), the key observation is that Fy,
is contained in the kernel of the natural morphism Py, L& P L L2, PLL: this can
be checked locally, and it is immediate from the matrix description given above,

since in the chosen coordinates pz acts by
(vo ... Up |50 En) — (vo Vd+1 - vn).

Lemma III.3 in §3.6 amounts to observing this vanishing for the last row of the
matrix, as Dy dominates £js; the vanishing for the rest of the matrix is clear for
(1) as well as for (7).
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Therefore we have an onto morphism
1 1
Pyl ® PME
Fu

if I denotes the kernel of this morphism, and IT denotes the projection to M, we

get
1L Lr
IT. <c <M> N [DM]> = c(PL L)L (c(K) N [Dar]).

— PLL — 0;

Fum

Now Dy has dimension n (D) is a divisor in a blow-up of BL x P!, and BL is
birational to M) while K has rank (2n+2) — (n+2) — (n—d+1) = d — 1, so that
¢(K) N [Das] has no terms in dimension < dim Z, while Dj; dominates Z via II:
Dy dominates £y, then E, then Z. This forces the last II, to vanish, as needed.

Concerning (1), Lemma II1.4 in §3.6 shows that F7; is in the kernel of pz along
components dominating components ‘of type (i)’ of £3;, and the vanishing follows
by the same argument as for (7).

The situation is slightly more complicated over components ‘of type (ii)’. By
Lemma IIL.5 in §3.6 we know that, along such a component D;\aj, Fy; is in the
kernel of the epimorphism pz: : Py L & PL — Py, L for the subvariety Z' of Z
dominated by the component. Now pull back the situation through the fiber square

5ﬁ.___§pﬁ
I
z" — 7

where the bottom row is the Nash-blow-up of Z’: over Z’, the pull-back of PLL
surjects onto a locally free sheaf of rank 1 + dim Z’; the above argument then tells

us that
PuL e P-L -
M
(C ( Tt ) i [%]>

vanishes after push-forward to A , and this implies the vanishing of

PLLOPLL
c (7}_]\7 M ) N [D’M]

after push-forward to Z’ C M, as needed. This concludes the proof of (3), in the
equivalent formulation stated in Claim III.4. O

4. REMARKS AND EXAMPLES

4.1. p-class and Parusiniski’s Milnor number. Assuming X is complete and
taking degrees in Theorem 1.5 gives

[ = [ (fg )]+ [ e 0 e (1) @0 )

Now observe that the f picks up the term of degree dim M = dim X + 1 in the last
term. Thinking of ¢(£)¥ ™ X as ¢(LP4mX) and using (an immediate generalization
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of) [A-F], we get

/kwfmxmmayw@L»:/dﬁwmx®cwmmAYW®ﬁ®ﬁw

= //LL(Y)V-

Recalling that the degree of ey (X)) equals the Euler characteristic of X, this proves
Proposition IV.1.

S [ ey = o (v - [ ).

Over C, the right-hand-side in this formula equals Parusinski’s generalization of
Milnor’s number ([Parusinskil]); so this gives an alternative proof of Proposition 2.1
in [Aluffil], and extends to arbitrary fields of characteristic 0 the interpretation
of [ue(Y) as a measure of the difference in the Euler characteristics of special
vs. general sections of a line bundle (if £ has enough sections, the last term in (*)
gives x(X,) for a general section X of L).

Conversely, at least if £ is ample enough, the formula in Proposition IV.1 suffices
to prove Theorem I ‘numerically’, that is, up to taking degrees with respect to L.
This is worked out in [Aluffi2].

For isolated singularities on strong local complete intersections, a statement
analogous to Theorem 1.5 has been proved by T. Suwa [Suwa)].

4.2. Blowing up p-classes. The blow-up formula proved in §3 translates nicely
in terms of p-classes.
Notations as in (3) from §2: Z C X C M is a nonsingular subvariety of codi-

mension d in M (dim M =n), M = BlzM — M denotes the blow-up of M along

Z,and X' denotes the (scheme-theoretic) inverse image of X in M. Also, Y, Y’ are
the singular schemes of X, X’ respectively. If £ denotes the line bundle of X, note
that its pull-back is the line-bundle of X’. Then the equality (3) we proved in §3,

Te(cx(X) = cu(X) + (d — 1) cu(2)
(with ¢, as in §1), becomes, in terms of p-classes,
Proposition IV.2. With notations as above,
mepe(Y') = pe(Y) + (=1)%(d = 1)pue(2)
in A.X.
Note: it is reasonable to expect that this equality holds in A.(Y U Z).
Proof. Since O(X') is the pull-back of O(X),

T (e(TM) N s(X', M)) — ¢(TM)N s(X, M)

™ [X] ) —e(TM)n ——=L

= (e(TM)n —=L
T <C( )ﬂl—i-w*X

- (W*(C(TM) N [M]) — ¢(TM)N [M]) X

Now we already observed in §3.1 that

T (c(TM) N [M]) — «(TM)N[M] = (d — 1) e(TZ) N [Z];
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therefore, using the expression for ¢, in Theorem 1.5, (3) is equivalent to

m (L) (e (Y)Y © £)) — (L)™' 1 (e (Y)Y © L)

_ X]
~ (A=) (T2)N (2] - (@d= D eT2)N (2] 15
that is, to
(0 0 () © £)) (€)1 0 (V)Y @ £) = (d - 1) S (2

Now we apply easy manipulations (see [Aluffi2], §2):

—cap by ¢(£)~(»=1:
e(TZ)
(L)

roe(V)Y ® L — pe(v) @ £ = (d—1) L2 o (7),
—®M£V:

mepe (V) = pe(Y)" = (d = 1) ¢(LY)

2(TZxLY) A z]
c(L@LV)r  e(LV)d
—clean up, dualize, apply Corollary 1.8 from [Aluffil]:
rene(Y') = pe(Y) = (~1)Ad = 1) e(T*Z & £) 1 [2] = (~1)(d = 1) pc(2),
as needed. O

The relation of u-classes stated above is of some independent interest. It is
related to a result in [Parusiriskil] (Lemma 2.2), which can be stated as the fact
that (if X is complete) the zero-dimensional terms of the two sides have the same
degree.

4.3. Contact of two hypersurfaces. Our proof of the main theorem used very
little of the good functoriality properties of cgnm(X): we proved just enough of them
for ¢.(X) to force this to equal cgp(X). After the fact, however, ¢.(X) inherits
the full set from cgp(X), and this reflects into facts about Segre classes of singular
schemes of hypersurfaces which we are not able to prove otherwise, or which would
require substantially more work by more conventional techniques. While we plan
to explore this elsewhere, we give a few such examples in this subsection.

Suppose M7, Ms are distinct nonsingular hypersurfaces of a nonsingular ambient
variety M. Then X = M; N M, is a hypersurface of both M; and M, with normal
bundle L3 = O(Mz2)|x in My and £; = O(M1)|x in Ms. The singular scheme Y of
X is supported on the locus where M; and My are tangent: we call Y the contact
scheme of My and M, in this case. What can be said in general about Y7

Proposition IV.3. Under the above hypotheses (and with the notation introduced
in §1.4),
s(Y, My) @ar, L1 = s(Y, Ma) @, Lo

Again, while it is reasonable to expect that this equality holds in A,Y, our
argument only proves it in A, X.

Proof. By Theorem 1.4, we can compute csyv (X ) by viewing it as a hypersurface of
M12

CSM(X) = C(TMl) N (S(X, Ml) + C(EQ)_l N (S(K Ml)v Qm, EQ)) R
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or as a hypersurface of Ms:

csm(X) = ¢(TMa2) N (s(X, M) + c(£1) 7' N (s(Y, M2)Y @, L£1)) -
It follows that the right-hand sides of these expressions are equal. The first sum-
mand in both is ¢p(X), so we get

c(T M) c(TMa)

c(L2) c(Ly)

Capping with the inverse Chern class of the virtual tangent bundle of X and dual-
izing yields

N (s(Y,M1)" @, L2) =

N (s(Y, M2)" ®ns, L1).

S(Y—7 Ml) Qnm, E;/ = S(Y, Mg) Q M, E\l/
Tensoring both sides by £1 ® Lo gives the statement of the proposition. O

We do not see any simple way to derive the result in Proposition IV.3 more
directly. The result prompts us to define a class

S(Y,M) = s(Y, M) ®n, L1,

since we just showed that this is in a sense intrinsic to the contact scheme and to
the ambient variety. It would be interesting to study properties of this class.

Next, observe that M; U My is a hypersurface of M, with line bundle O(M;) ®
O(Ms5). The singular scheme X of My U M, is supported on X = M; N My, but
‘thicker’ than X along Y. Now

(**) csm(My U M) = csm(M7) 4 csm(Ma) — csm(My N Ma)

(cf. the beginning of §2). If the hypersurfaces involved are all divisors with normal
crossings, we proved this relation ‘by hand’ in §2 for the class ¢, defined in §1. As
we have now proved that ¢, = cgv, we know that this equality must hold regardless
of how the hypersurfaces meet. Using for example the expression for ¢, given in
Theorem 1.4, this gives a nontrivial relation among s(X, M) (on the left-hand side)
and s(Y, M;) (on the right-hand side). Unraveling notations, the reader will check
that this gives (in A, (M; U My))

Proposition IV.4. s(X, M) = s(X, M)+ c¢(NxM)™' NS(Y, M) .

This is a sort of ‘residual intersection formula’ (thinking of Y™ as the residual of X
in X), and as such it could probably be proved by judicious use of Proposition 9.2 in
[Fulton], perhaps after blowing up M along X. If X C M;, then standard residual
intersection formulas can be applied to X C X C M; (as X is a divisor of M),
and do yield the formula stated in the proposition. However, in general X is not
contained in either M7 or Mos.

The above argument will work even if one of the hypersurfaces, say Mo, is singu-
lar. In such a case X will be supported on X = M; N M5 and on W = the singular
scheme of Ms. In terms of ¢, (**) then says (all ® in M unless otherwise denoted)

[Mi] + [My)] 1 —
C(El ®£2) * c(£1 ®£2) n (S(X7M) ® L1 ®£2)>

[Mi] | [My] 1 v
) + (L) + L) N (s(W, M) ®£2))
[My] - [Ms)] 1

(L) Al

e(rn)n

—erann (

Y, M1)Y @, ﬁ2)>
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(note: the last V is also taken in M, hence the change of sign in the last ()). The
reader should have no difficulties (using [Aluffi2]) simplifying this expression to

Proposition IV.5. With the above notations,

s(X,M)—s(X,M) = N(s(W,M)®n L1) + N (s(Y, My) @ L1)

1
c(L1) (L)
(again, in A.(M7 U Ma)).

The residual intersection problem is in this case complicated enough that we
were not able to prove this relation otherwise.

4.4. A geometric application. If the singular scheme Y of a hypersurface X
is nonsingular, then the class ¢.(X) of §1 (and hence cgy(X)) has a particularly
simple form:

Proposition IV.6. Let X be a hypersurface in a nonsingular variety M, let L =
O(X) and assume that the singular scheme Y of X is nonsingular. Then

csm(X) = ep(X) + (-1t L )

Proof. By [Aluffil], Corollary 1.8, if Y is nonsingular then
we(Y)=c¢(T'Y @ L) N [Y];
hence by Theorem 1.5
esm(X) = cp(X) + (L)X N ((e(TY @ L)N[Y]) @um L) .
Using [Aluffi2], §2, we get
(L)X (((TY @ L)N[Y]) @um L)
= (=)@ e(L) X ((e(TY @ LY) N [Y]) ®u L)

im «(TY) Y]
(L)d X <C(£)dim Y n c(ﬁ)codimAIY )
codimys Y C(TY)

B 7S

which yields the statement. O

_ (_l)codimMY

Q

N[Y]

As an application, consider again the situation at the beginning of §4.3: M,
My are nonsingular hypersurfaces with contact scheme Y (= singular scheme of
MiNMs;). Proposition IV.3 in §4.3 spells out a constraint imposed on the situation;
in the particular case when Y is nonsingular, Proposition IV.6 allows us to rewrite
this in a particularly simple form:

Proposition IV.7. Assume My, My are nonsingular hypersurfaces in a nonsingu-
lar ambient variety, and let Y be their contact scheme. Assume Y is nonsingular;
then

My Y =M;-Y.

Proof. Let X = M1 N M. The last proposition can be used to compute cgp(X)
in two ways: considering X as a hypersurface in M;, with normal bundle £, =
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O(Ms)|x, or as a hypersurface in Ma, with normal bundle £; = O(M;)|x. This
gives

) TY) : c(TY)
X -1 CodlmMYC( Y] = X -1 codimy Y Y
ep(X) + (-1 S A Y] = o (X) 4 (-1 S n ),
and hence
o(L1)N[Y]=c(L2)N[Y],
from which the stated formula follows. O

Again, the formula stated above should hold in A,Y’, although our argument only
proves it in A,(M; U My). This suffices however for some concrete applications.
For example, say the ambient variety is a projective space, d; = deg M;, and the
contact scheme Y of My, My is nonsingular (as a scheme, not just as a set) and
positive dimensional; then the statement is that necessarily di = do. It is easy
to produce examples of hypersurfaces of the same degree and having nonsingular
contact scheme: for instance, the quadrics

2 +y? + 22 +w? =0,
2+ 4+ 224202 =0
in P? meet along a double conic, so have contact scheme equal to a nonsingular

plane conic. Proposition IV.7 shows that no such example can be concocted with
smooth hypersurfaces of different degrees.
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